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Plenary lectures

(GGeneralizations of the
Davis—Januszkiewicz construction

Anthony Bahri (Rider University, USA), bahri@rider.edu
Martin Bendersky (City University of New York, USA),
mbenders@hunter. cuny. edu
Frederick R. Cohen (University of Rochester, USA),
cohf@Omath.rochester.edu

Samuel Gitler (El Colegio Nacional, Mexico),
sgitler@math.cinvestav.mx

Briefly, a toric manifold M*" is a manifold covered by local charts
C", each with the standard action of a real n-dimensional torus
T, compatible in such a way that the quotient MQ”/T“ has the
structure of a simple polytope P™. The construction of Davis and
Januszkiewicz |4, Section 1.5] realizes all toric manifolds and, in
particular, all smooth projective toric varieties. The key ingredi-
ent is a characteristic function

AN F— 7" (1)

from the set of facets of the polytope P" into an n-dimensional
integer lattice, satisfying certain conditions. The construction is

M= M (X) =T" x P" [~ (2)

where the equivalence relation ~ is defined in terms of the func-
tion A. Associated to P" is a simplicial complex K(P) with m

A.B. was supported in part by a Rider University Summer Research Fellowship and
grant number 210386 from the Simons Foundation; F.R.C. was supported partially by
DARPA grant number 2006-06918-01.



vertices corresponding to the m facets of P". In the moment-
angle compler formalism established by Buchstaber and Panov
3], the map A\ determines a subtorus ker(\) =T~ C T™ and
a homeomorphism

T" x P"/~ = Z(Kp; (D% SY) /Tm—n. (3)

A reinterpretation of this construction allows for a generalization
in such a way that it can be used to construct the family of mani-
folds M(J) described in [2|. These are determined by a sequence
of positive integers J = (j1,Jo,---,Jm). Associated to the new
construction are polyhedral products Z(K p; (CP>,CP7~1)) that
play the role which the spaces Z(Kp; (CP>, %)) do in the stan-
dard case. The construction is generalized further to yield spaces
associated to the composed simplicial complexes of Ayzenberg [1].

References

|1] A. Ayzenberg, Composition of simplicail complexes, poly-
topes and multigraded Betti numbers, Available online at:
http://arxiv.org/abs/1301.4459

12| A. Bahri, M. Bendersky, F. Cohen and S. Gitler, Opera-
tions on polyhedral products and a new topological construc-

tion of infinite families of toric manifolds. Available online at:
http://arxiv.org/abs/1011.0094

13] V. Buchstaber and T. Panov, Torus actions and their applica-
tions in topology and combinatorics, AMS University Lecture
Series, 24, (2002).

|4] M. Davis, and T. Januszkiewicz, Convex polytopes, Coxeter
orbifolds and torus actions, Duke Math. J., 62 (1991), no. 2,
417-451.



Periods of second kind differentials of
(n, s)-curves

Victor Enolski (University of Edinburgh, UK),
Viktor.Enolskiy@ed.ac.uk

The following problem is discussed and solved in particular
cases here: Given curve C of genus g > 1 and its a and b-periods
of holomorphic differentials 2w,2w’. Let 2n,2n" are periods of
the second kind differentials conjugated to 2w, 2w’ according to
the generalized Legendre relations,

nTW _ an’ 77Tw/ o an/ _ %’ n/Tw/ _ W/Tn’-
Express periods of the second kind differentials in terms these
data including 0-constants, depending on Riemann period matriz
T = W' /w and coefficients of polynomial defining the curve C

In the case of elliptic curve y? = 42% — goz — g3 this question
is answered by the Weierstrass formulae

1 97(0)
120 9,(0)

1 4 //(O)
n = T kz:; 19’;(0) and equivalently n = —
The -constant representation of periods of the second kind dif-
ferentials is important for defining of the multi-dimensional o-
function which theory attract many attention now and was in-
tensively developed during the last decade by V.M.Buchstaber
with co-workers, see the recent book project V. M. Buchstaber
and V. Z. Enolski and D. V. Leykin, Multi-Dimensional Sigma-
Functions, arXiv:1208.0990 [math-ph]|, 267, pp. 2012.

We present here an approach to solve the formulated above
problem for the family of (n, s)-curves that represent a natural

9



generalization of Weierstrass elliptic cubic to higher genera,

f(xa y) =y — " — Z )‘an+ﬁsxayﬁ
o.,f

with A e Cand 0 < a <s—1, ,0< 8 <n—1. The
case of hyperelliphic curves and especially genus two curve were
considered in details. A number of new (to the best knowledge of
the authors) #-constant relations is derived as consequence of the
formulae obtained and a generalization of the Jacobi derivative
formula is one from them.
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Zero modes in Liouville model

Ludwig D. Faddeev (Saint-Petersburg Department of
Steklov Mathematical Institute of RAS, Russia)

We show that the monodromy matrix elements for the Lax
operator are natural zero modes in the Liouville model. Both
classical and quantum models are considered. We also describe
the evolution operator for discrete time intervals.
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Singular fibrations with fibers (S™)*

Tadeusz Januszkiewicz (Instytut Matematyczny PAN,
Poland)

Toric spaces can be thought of as simplest possible torus fi-
brations with simplest possible degenerations of fibers (at least
from the point of vie of the group actions — algebraic geometers
have a different idea about the “simplest possible degenerations”
of Abelian varieties).

Many years ago Rick Scott, then a PhD sudent of Robert
MacPherson, proposed a generalization of toric spaces over a
polygon as simplest possible S x S? fibrations with simplest
possible degenerations of fibers.

In my talk I will try to recall the concept, its links with clas-
sical differential topology, similarities and differences with toric
spaces and highlight some challenges.

12



Co-convex bodies and multiplicities

Askold G. Khovanskii (University of Toronto, Canada and
Institute for Systems Analysis of RAS, Russia),
askold@math.utoronto.ca

[. Given a closed strictly convex cone C' C R", a theory of
C-co-convex bodies can be developed [1|. It can be thought of
as a local version of the usual theory of convex bodies in convex
geometry. A closed bounded subset A C C'is C-co-convex if the
complement A* = C'\ A is an (unbounded) convex set. A linear
combination > \;A\;, where \; > 0, of C-co-convex bodies 4; is
by definition the complement C'\ > N\;A¥ of the linear combi-
nation (in Minkowski sense) of the convex sets A¥. The volume
of a linear combination of C-co-convex bodies is a degree n ho-
mogenous polynomial in the A;. Thus one can define the mixed
volume of C-co-convex bodies. We prove a version of the Brunn—
Minkowsky inequality VY™(A;+Ay) < VI(A) +V(Ay) and

a version of the Alexandrov—Fenchel inequality
V(ALAL . A)V(Ag, Ay, A > VAL A, A))

for volumes and mixed volumes of C-co-convex bodies [1].

I1. In [2|, to an m-primary ideal I in an n-dimensional reqular
local Ting we associate a C-co-convex body, where C' = R%; is
the positive octant in R”, which encodes information about the
Samuel multiplicity e(I) of I. More generally, we associate a C-
co-convex body, where C'is the cone associated to an affine toric
variety, to an m-primary ideal in the local ring of this variety.
This construction is in the spirit of the theory of Grobner bases
and Newton polyhedra on one hand, and the theory of Newton—
Okounkov bodies for linear systems on the other hand. Using this

we obtain a new proof of a Brunn-Minkowski type inequality
e(I)Y" < e(DY™ 4 e(J)Y™ for multiplicities of ideals due to
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Teissier and Rees—Sharp. We also obtain a simple proof of the
local Bernstein—Koushnirenko formula for toric varieties.

[TI. Our construction in [2| works for local rings of toroidal
singularities and not for general local rings. Thus this approach
does not give a proof of an Alexandrov—Fenchel inequality

e, 11, I5,....L)e(Iy, I, I3, ..., 1,) > e(l}, Ir, I5, . . ., I,)*,

for mized multiplicities of ideals. But in |3| we show that one can
reduce all the properties of mixed multiplicities of m-primary ide-
als in general local rings (including the Hilbert—Samuel formula)
to the (global) intersection theory of linear subspaces of rational
functions developed in [3]. In [4] we prove the local algebraic
Alexandrov—Fenchel inequality in the same way as we did it for
the global case in |3]. From this we then obtain the geometric
inequality in [1| from the algebraic one [4| (in a similar fashion
that the classical Alelexandrov—Fenchel inequality was deduced
from it’s algebraic analog in [3]).

References

I1] A. G. Khovanskii, V. A. Timorin, Alexandrov-Fenchel in-
equality for coconvex bodies, Preprint (2013), 1-10.

2] K. Kaveh, A. G. Khovanskii, Convex bodies and multiplicities
of ideals, Proceedings of the Steklov Institute of Mathematics,
Springer, (submitted).

13] K. Kaveh, A. G. Khovanskii, Newton-Okounkov bodies, semi-
groups of integral points, graded algebras and intersection the-
ory, Annals of Mathematics, 176:2 (2012), 925-978.

4] K. Kaveh, A. G. Khovanskii, On mixed multiplicities of ideals
Preprint (2013), 1-18.
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The universal Whitham hierarchy and
geometry of moduli spaces of curves
with punctures

Igor M. Krichever (Columbia University, USA)

The moduli spaces of algebraic curves with a pair of mero-
morphic differentials is central for the Hamiltonian theory of in-
tegrable systems, Whitham perturbation theory of soliton equa-
tions, quantum topological field theories, Sieberg—Witten solu-
tion of N =2 SUSY gauge theories and Laplacian growth prob-
lems. In the talk their applications to a study of geometry of
moduli spaces of curves with punctures will be presented.
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Toric origami manifolds in toric
topology

Mikiya Masuda (Osaka City University, Japan,),

masuda@sci.osaka-cu.ac.jp

A symplectic toric (or toric symplectic) manifold is a compact
connected symplectic manifold with an effective Hamiltonian ac-
tion of a torus 17" with dimT = %dim M. A famous theorem
by Delzant says that the correspondence from symplectic toric
manifolds to simple convex polytopes called Delzant polytopes
via moment maps is bijective. It implies that a symplectic toric
manifold is equivariantly diffeomorphic to a projective smooth
toric variety and vice versa.

A folded symplectic form on a 2n-dimensional manifold M
is a closed 2-form w whose top power w” vanishes transversally
on a subset Z and whose restriction to points in Z has maximal
rank. Then Z is a codimension-1 submanifold of M and called
the fold. Using the h-principle, Cannas da Silva [1] shows that
an orientable compact manifold admits a folded symplectic form
if and only if it admits a stably almost complex structure.

The maximality of the restriction of w to Z implies the ex-
istence of a line field on Z and w is called an origam: form if
the line filed is the vertical bundle of some principal S!-fibration
Z — B. The notions of a Hamiltonian action and a moment
map can be defined similarly to the symplectic case, and a toric
origami manifold is defined in [2| to be a compact connected
origami manifold (M, w) equipped with an effective Hamiltonian
action of a torus T' with dimT" = %dim M . The sphere S*" with
the standard action of T" can be a toric origami manifold while

The work was partially supported by Grant-in-Aid for Scientific Research 2540095
and the bilateral program of JSPS between Japan and Russia, “Topology and geometry
of torus actions and combinatorics of their orbit spaces".
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it cannot be a symplectic toric manifold when n > 2. A toric
origami manifold M is not necessary simply connected; it can be
even non-orientable. The cohomology of a toric origami mani-
fold M is investigated by Holm and Pires [4] when M is simply
connected (equivalently when M /T is contractible).

Cannas da Silva, Guillemin and Pires |2| show that toric
origami manifolds bijectively correspond to origami templates
via moment maps. An origami template is a collection of Delzant
polytopes with some folding data. Like a fan is associated to a
Delzant polytope, a multi-fan can be associated to an origami
template. A multi-fan is a collection of cones satisfying certain
conditions, where cones may overlap unlike an ordinary fan (see
3))

In this talk, we discuss toric origami manifolds from the view-
point of toric topology. This talk is based on a joint work with
Seonjeong Park ([5]).

References

|1] A. Cannas da Silva, Fold forms for four-folds, J. Sympl.
Geom., 8 (2010), 189203, arXiv:0909.4067.

2] A. Cannas da Silva, V. Guillemin and A. R. Pires, Symplectic
Origamd, IMRN 2011 (2011), 42524293, arXiv:0909.4065.

3] A. Hattori and M. Masuda, Theory of multi-fans, Osaka J.
Math. 40 (2003), 1-68,

|4] T. Holm and A. R. Pires, The topology of toric origami man-
ifolds, arXiv:1211.6435.

5] M. Masuda and S. Park, Toric origami manifolds and multi-
fans, preprint.
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A proof of the geometric case of a
conjecture of Grothendieck and Serre
concerning principal bundles

Ivan A. Panin (Saint-Petersburg Department of Steklov
Mathematical Institute of RAS, Russia)

This talk is about our joint work with Roman Fedorov. As-
sume that U is a regular scheme, G is a reductive U-group
scheme, and G is a principal G-bundle. It is well known that
such a bundle is trivial locally in étale topology but in general
not in Zariski topology. A. Grothendieck and J.-P. Serre conjec-
tured that G is trivial locally in Zariski topology, if it is trivial at
all the generic points. We proved of this conjecture for regular
local rings R, containing infinite fields. Our proof was inspired
by the theory of affine Grassmannians. It is also based signifi-
cantly on the geometric part of a paper of the second author with
A. Stavrova and N. Vavilov.

18



Thom complexes and stable
decompositions

Nigel Ray (University of Manchester, UK),

nigel.ray@manchester.ac.uk

Since the 1940s it has become apparent that cartesian prod-
ucts of the form X xRR", and certain generalisations, may simplify
and illuminate the study of a topological space X. For example,
smoothings of a PL-manifold M correspond to those of M x R"
in an appropriate sense, for any n > 0; this fact extends to non-
trivial vector bundles over M, and ensures that smoothings are
classified by lifts of its tangent microbundle. So far as homo-
topy theory is concerned, the total space of a vector bundle «
over X is most naturally replaced by the Thom complex Th(«);
this may be interpreted as a type of compactification of the total
space of a. Thom’s construction actually has its roots in work
of Pontryagin, who pioneered the concept for trivial «.

During the 1940s and 50s, Pontryagin and Thom applied their
ideas to the development of framed and unoriented cobordism
theories respectively. This theme continued into the 1960s, as
Milnor and Novikov established the foundations of the complex
analogue, otherwise known as MU-theory; its derivatives are
still amongst the most powerful tools of stable homotopy. In
the course of Victor Buchstaber’s career, the scope and influ-
ence of Thom complexes have increased remarkably in breadth
and depth. Over those four and a half decades, homotopy the-
orists have learned how to decompose many spaces that arise
from complex geometry into smaller building blocks, which are
often Thom complexes of non-trivial vector bundles. Conversely,
certain Thom complexes have themselves been decomposed into
simpler blocks, some of which are also Thom complexes of a more
fundamental nature.

19



In this talk I shall survey a few representative samples of such
decompositions, and hope to give the flavour of the subject in a
style that is accessible to non-experts. I plan to cover as many
of the following as time permits:

e Snaith’s stable splitting of infinite Grassmannians BU (n) into

wedges of Thom spaces MU (k), and Mitchell and Richter’s
refinement over 25U (n);

e Mimura, Nishida, and Toda’s splitting of CP> into p — 1
blocks (p — 2 of which are Thom spaces) after localisation at
a prime p;

e More recent examples involving families of toric varieties,
such as Bott towers and weighted projective spaces.

In particular, I hope to discuss how straightforward calculations
in homology and cohomology may be used to provide evidence
for (and against!) the existence of splittings, and the possibility
that certain blocks might be realised as Thom complexes.

20



Classification of complex projective
towers up to dimension 8 and
cohomological rigidity

Dong Youp Suh (Korea Advanced Institute of Science and
Technology, Korea), dysuh@kaist.ac.kr
Shintaro Kuroki (University of Toronto, Canada),
Shintaro.kuroki@utoronto.ca

A complex projective tower or simply a CP-tower is an iter-
ated complex projective fibrations starting from a point. In this
paper we classify all 6-dimensional CP-towers up to diffeomor-
phism, and as a consequence, we show that all such manifolds are
cohomologically rigid, i.e., they are completely determined up to
diffeomorphism by their cohomology rings. We also show that co-
homological rigidity is not valid for 8-dimensional CP-towers by
classifying some CP'-fibrations over CP? up to diffeomorphism.
As a corollary we show that such CP-towers are diffeomorphic if
they are homotopy equivalent.

21



Elliptic solitons and minimal tori with
planar ends

Iskander A. Taimanov (Sobolev Institute of Mathematics
of SB RAS, Russia), taimanov@math.nsc.ru

We expose our joint results with C. Bohle on spectral curves
of elliptic solitons which appear as spectral curves of minimal tori
with planar ends in the Euclidean 3-space |1, 2].

In particular, it is shown that

e there exist two-dimensional Dirac operators with double-pe-
riodic potentials and reducible spectral curves on the zero
energy level:

e one can define a spectral curve for the Cauchy—Riemann oper-
ator on a punctured elliptic curve if one imposes appropriate
boundary conditions. Algebraic curves of the type thus ob-
tained appear as irreducible components of spectral curves of
minimal tori with planar ends in R? and coincide with the
spectral curves of certain elliptic KP solitons.

References

|1] Bohle, C., and Taimanov, [.A.: Euclidean minimal tori with
planar ends and elliptic solitons. arXiv:1212.5138.

2] Bohle, C., and Taimanov, I[.A.:  Spectral curves for

Cauchy-Riemann operators on punctured elliptic curves.
arXiv:1212.5147
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Dynamics of metrics and measures:
new and old problems

Amnatoly M. Vershik (Saint-Petersburg Department of
Steklov Mathematical Institute of RAS, Russia)

e Dynamics of the metrics on the spaces with invariant mea-
sures. Scaling entropy of the action is a generalization of the
topological and Kolmogorov—Sinai entropy. The known and
open problems. Examples.

e Classification of the metric triples and structural problems.
Matrix distributions and classification of the functions. In-
variant distribibution of random matrices.

e Virtual continuity and the theorems about traces.
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Elliptic Dunkl operators and
Calogero—Moser systems

Alexander P. Veselov (Loughborough University, UK and
Lomonosov Moscow State University, Russia),
A.P.Veselov@lboro.ac.uk

In 1994 Buchstaber, Felder and the speaker 1] described the
general form of the commuting Dunkl operators. The problem
was reduced to the solution of certain functional equations, which
were explicitly solved in terms of elliptic functions.

However, since the elliptic Dunkl operators turned out to be
not invariant under permutations, the question of how to use
them to construct the integrals of quantum elliptic Calogero—
Moser problem remained open. An interesting idea suggested
by the authors of 1| was to replace in Heckman’s approach the
symmetric polynomials by the integrals of the classical Calogero—
Moser system in spectral parameters.

In the talk I will explain in more detail this construction,
which has recently been fully justified in [2].

References

|1] V.M. Buchstaber, G. Felder, A.P. Veselov, Elliptic Dunkl op-
erators, root systems, and functional equations. Duke Math.
J. 76 (3) (1994), 885-911.

12| P. Etingof, G. Felder, X. Ma, A. Veselov, On elliptic Calogero—
Moser systems for complex crystallographic reflection groups.
Journal of Algebra, 329 (2011), 107-129.

24



On highly regular embeddings

Giinter M. Ziegler (Freie Universitit Berlin, Germany),
zlegler@math.fu-berlin.de
Pavle V. M. Blagojevi¢ (Freie Universitit Berlin,
Germany), blagojevic@math.fu-berlin.de
Wolfgang Liick (Universitit Bonn, Germany),
wolfgang.lueck@him.uni-bonn.de

A k-regular embedding X — R” maps any k pairwise distinct
points in a topological space X to k linearly independent vectors.

The study of the existence of k-regular maps was initiated
by Borsuk [2] in 1957 and latter attracted additional attention
due to its connection with approximation theory. The problem
and its extensions were extensively studied by Chisholm, Cohen,
Handel, and others in the 1970’s and 1980’s, and then again by
Handel and Vassiliev in the 1990.

Our main result on k-regular maps is the following lower
bound for the existence of such maps between Euclidean spaces,

in which a(k) denotes the number of ones in the dyadic expansion
of k:

Theorem 1 For anyd > 1 and k > 1 there 1s no k-reqular map
R? — RY for N < d(k — a(k)) + alk).

This reproduces a result of Chisholm [3]| from 1979 for the case
of d being a power of 2; for the other values of d our bounds are
in general better than Karasev’s [7|, who had only recently gone
beyond Chisholm’s special case. In particular, our lower bound
turns out to be tight for £ = 3.

The framework of Cohen & Handel [4] relates the existence
of a k-regular map to the existence of a specific inverse of an

The work was partially supported by the European Research Council under the Euro-
pean Union’s Seventh Framework Programme (FP7/2007-2013) / ERC Grant agreement
no. 247029-SDModels.
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appropriate vector bundle. Thus non-existence of regular maps
into RY for small N follows from the non-vanising of specific
dual Stiefel-Whitney classes. This we prove using the general
Borsuk-Ulam-Bourgin-Yang theorem combined with a key ob-
servation by Hung [6| about the cohomology algebras of configu-
ration spaces.

Our study [1]| produces similar topological lower bound results
also for the existence of ¢-skew embeddings R? — RY for which
we require that the images of the tangent spaces of any ¢ distinct

points are skew affine subspaces. This extends work by Ghomi
& Tabachnikov for £ = 2.

References

[1] P. V. M. Blagojevi¢, W. Liick & G. M. Ziegler, On highly
regular embeddings. Preprint, 19 pages, May 2013.

2] K. Borsuk, On the k-independent subsets of the Euclidean
space and of the Hilbert space, Bull. Acad. Polon. Sci. Cl. III.
5 (1957), 351-356.

|3] M. E. Chisholm, k-regular mappings of 2"-dimensional eu-
clidean space, Proc. Amer. Math. Soc., 74 (1979), 187-190.

4] F. R. Cohen & D. Handel, k-regular embeddings of the plane,
Proc. Amer. Math. Soc., 72 (1978), 201-204.

[5] M. Ghomi & S. Tabachnikov, Totally skew embeddings of
manifolds, Math. Z. 258 (2008), 499-512.

6] N. H. V. Hung, The mod 2 equivariant cohomology algebras
of configuration spaces, Pacific J. Math. 143 (1990), 251-286.

7] R. N. Karasev, Regular embeddings of manifolds and topology
of configuration spaces, Preprint, June 2010/2011, 22 pages;
http://arxiv.org/abs/1006.0613.

26



Invited lectures

Cox rings, universal torsors, and
infinite transitivity

Ivan V. Arzhantsev (Lomonosov Moscow State University,
Russia), ar jantse@mccme . ru

The aim of the talk is to introduce an important invariant
of an algebraic variety — the total coordinate ring, or the Cox
ring [5], — and to describe its applications in algebraic geome-
try and the theory of transformation groups [6], [1]. Cox rings
possess nice algebraic properties and define a canonical quotient
presentation of a variety related to the construction of universal
torsor from arithmetic geometry |7].

Also we will discuss recent results on infinite transitivity of
the action of automorphism groups on affine varieties [2], 3] and
universal torsors [4]. More precisely, let us define the special
automorphism group SAut(X) of an algebraic variety X as the
subgroup of Aut(X) generated by all one-parameter unipotent
subgroups. Let X be an affine variety X of dimension at least
2. The main result of |2| states that if the group SAut(X) is
transitive on the smooth locus X, then it is infinitely transitive
on X, In turn, the transitivity is equivalent to the flexibility
of X. The latter means that for every smooth point z on X the
tangent space T,.X is spanned by the velocity vectors at x of one-
parameter unipotent subgroups. Examples of flexible varieties
are non-degenerate affine toric varieties, suspensions and smooth
affine varieties with a generically transitive action of a semisimple

group.
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Let X be an algebraic variety covered by open charts isomor-
phic to the affine space and q : X — X be the universal torsor
over X. We prove that the special automorphism group SAut()A( )
of the quasiaffine variety X acts on X infinitely transitively [4].
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Some topological problems in systolic
geometry

Ivan Babenko (Université Montpellier 2, France),
babenko@math.univ-montp2.fr

Let G be a finitely representable group, and a € H,,(G,Z)
a non trivial homology class of dimension m > 3. A geomeltric
cycle (X, f) representing certain class ais a pair (X, f) consisting
of an orientable (connected) pseudomanifold X of dimension m
and continuous map f : X — K(G, 1) such that f.([X]) = a
where [X]| denotes the fundamental class of X and K(G,1) is
the Eilenberg-McLane space corresponding to . Furthermore
the representation is said to be normal if the induced map f;
m1(X) — G is an epimorphism. Given a geometric cycle (X, f),
then for any polyhedral metric g on X we can consider the relative
homotopic systole denoted by sys;(X, g) and defined as the least
length of a loop v of X whose image under f is not contractible.
So the systolic volume of the geometric cycle (X, f) is the value

Vol( X
os(X) :=inf ol(X, g) :
9 Sysf(Xag)m

where the infimum is taken over all polyhedral metrics g on X
and Vol(X, g) denotes the m-dimensional volume of X
From [1], we have o, := infoy(X) > 0, for any m > 1, the
g

infimum being taken over all geometric cycles (X, f) represent-
ing a non trivial homology class of dimension m. Following [1]
we define the systolic volume of the pair (G, a) as the number

o(G,a) := inf o(X), where the infimum is taken over all geo-
(X.9) !

metric cycles (X, f) representing the class a.

The work was partially supported by RFSF 10-01-00257-a, and ANR Finsler
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Any integer class is representable by a geometric cycle.
The systolic volume of (G,a) is thus well defined and satisfies
o(G,a) > o,. But it is not clear if the infimum value (G, a)
is actually a minimum and what is the structure of a geometric
cycle that might achieve it. A pseudomanifold is said admissible
if any element of the fundamental group can be represented by a
curve not going throuhg the singular locus of X.

Theorem 1 ([2]) Let G be a finitely presentable group and a €
H,(G,Z) a homology class of dimension m > 3. For any normal
representation of a by an admissible geometric cycle (X, f),

U(G, a) = Uf(X).

Furthermore, there always exists a normal representation of a by
an admissible geometric cycle.

Thus the infimum in the definition of the systolic volume of a ho-
mology class is a minimum. It can be shown that the normaliza-
tion condition (that is fy is an epimorphism between fundamental
groups) can not be relaxed in the theorem.

So o(G, a) is a well defined function in two variables: a finitely
presentable group G and a class a in its own homology. This
function possesses a number of interesting properties which will
be observed in the talk and a number of open questions will be
discussed there as well.
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On some rational and integral complex
genera

Malkhaz Bakuradze (Iv. Javakhishvili Tbilisi State
University, Georgia), malkhaz.Bakuradze@tsu.ge

The general four variable complex elliptic genus ¢xpy on
MU, ® Q is defined [5],[6] to be determined by the follow-
ing property: if one denotes by fx,(x) the exponent of the
Krichever [2|, [3], |6] universal formal group law Fp,, then the
series h(x) = fr . (z)/frr(x) satisfies the differential equation
(R (x))* = S(h(x)), where S(z) = z* + p12® + pex® + pox + py,
the generic monic polynomial of degree 4 with formal parameters
p; of weights |p;| = 2i.

To generalize naturally the Oshanin’s elliptic genus from
079 ® Q to Q[u, €] [8], new elliptic genus v is defined in [9]
to be the genus ¢ : MU, ® Q — Q[p1, p2, p3, p4] whose logarithm
equals

L/-gi,w@%—vﬁ+mt+mﬁ+pﬂ”+mﬂ
o w(t)
and p; are again formal parameters |p;| = 2i.

Clearly to calculate the values of ¥ on CP;, the genera-
tors of the rational complex bordism ring [7| MU, ® Q =
Q[CP,,CP,,...] we need only the Taylor expansion of (14-y)~1/2
by above definition as log;, = >, ¥(CP)a".

It is natural to ask if there exists similar elementary way,
different from formulas in [4], for calculation of ¢ . Our answer
is the formula

YorT,

The work was partially supported by Volkswagen Foundation, Ref. No 85 989
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where 9 is the genus mentioned above and x classifies the formal
group law strictly isomorphic [7] to the universal formal group
law under strict isomorphism v(x) = xCP(x). Thus k(CPF)) is

determined by equating coefficients at x' in > ROH) it —

: 21 41

D is1 ?erf (v H )+

We construct certain elements A;; in the Lazard ring and give
an alternative definition of the universal Buchstaber |2| formal
group law. This implies that universal Buchstaber and Krichever
formal groups coincide and the corresponding coefficient ring is
the quotient of the Lazard ring by the ideal generated by all A,
i,J =3
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On G5 Holonomy Riemannian Metrics
on Deformations of Cones over S° x S°

Yaroslav V. Bazaikin (Sobolev Institute of Mathematics of
SB RAS, Russia), bazaikin@math.nsc.ru

Olga A. Bogoyavlenskaya (Novosibirsk State University,
Russia)

Consider a deformation of standard conic metric over the
space M = S3 x S3. This conic metric can be written as

3

3
ds® = di* + Y " Ai(t) (g +10)° + > Bi(t)* (g — 1),

1=1 1=1

where 7;, 1; is the standard coframe of 1-forms, whereas the func-
tions A;(t), Bi(t) define a deformation of the cone singularity. In
the paper [1]| a system of differential equations is written down,
which guarantees that the metric ds* has the holonomy group
containing in GG9 and a particular solution of this system is found.
This particular solution corresponds to a metric with the holon-
omy group G5 on S x R* Another particular solution with
the same topology was found in [2|. In the proposed work we
continue to study this class of metrics, while setting A, = As,
By = Bj and considering boundary conditions different from that
from |1, 2|. This yields the metrics with a different topological
structure. Namely, we require that at the vertex of the cone only
the function Bj turns to zero. This results in that the Rieman-
nian metric ds? is defined on H* x S%, where H is the space of
canonical complex linear bundle over S?, where H* is its fourth
tensor power. The main result is formulated in the following
theorem:

The work was partially supported by FCP "Scientific and Scientific-Pedagogical Per-
sonnel of Innovation Russia", No. 8206.

33



Theorem 1 There exists a one-parametric family of mutually
non-homothetic complete Riemannian metrics of the form ds>
with holonomy group Gy on H* x S3, whereas the metrics can
be parameterized by the set of initial data (A1(0), A3(0), B1(0),
Bs(0)) = (i, A\, 0, ), where A,y > 0 and p* + N\?> = 1.

Fort — oo the metrics of this family are approzimated ar-
bitrary closely by the direct product S x C(S* x S3), where
C(S? x S3) is the cone over the product of spheres. Moreover, the
sphere S? arises as factorization of the diagonally embedded in
S3 % S3 three-dimensional sphere with respect to the circle action
corresponding to the vector field ' + &
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Cohomological localization towers

Carles Casacuberta (Universitat de Barcelona, Spain),
carles.casacuberta@ub.edu

Homological localizations of spaces or spectra are common
tools in Algebraic Topology. If E, is a (reduced) homology the-
ory, then FE,-localization is an idempotent functor Lg on the
homotopy category of spaces or spectra which turns into isomor-
phisms precisely the F,-equivalences, i.e., those maps f: X — Y
inducing isomorphisms Ej(X) = E(Y) for all k. Important ex-
amples are £ = HQ (a rational Eilenberg-Mac Lane spectrum,
for which Lg is ordinary rationalization), and E = K (n), Morava
K-theory of height n at some prime.

The existence of cohomological localizations, however, has re-
mained unproved since the decade of 1980. It was soon realized
that the main difficulties were of set-theoretical nature. In [4] we
found that, indeed, Vopénka’'s Principle implies that arbitrary
cohomological localizations exist. More recently, we proved in [1]
that the existence of cohomological localizations follows from a
much weaker assumption, namely the existence of a proper class
of supercompact cardinals. This is a consequence of the fact
that cohomological localizations can be defined by means of a
Yo-formula in the sense of Lévy complexity. In contrast with this
fact, homological localizations are YJ;-definable and therefore the
existence of homological localizations is provable in ZFC, as is
well known.

In our talk we will briefly survey these developments and will
show how to construct a cohomological localization L¥ for any
spectrum E once its existence is guaranteed. For this, we use
a long tower of functors that starts with E-completion of each
given space X (that is, the total complex of a fibrant replace-
ment of X in the category of cosimplicial spaces with Bousfield’s
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E-resolution model structure [2]) and goes backwards by means
of successive homotopy inverse limits. This method was first
used by Dror Farjoun and Dwyer in |5 as an alternative way
of obtaining ordinary homological localizations. Assuming the
existence of sufficiently large supercompact cardinals, our tower
converges for each space X, yielding a cohomological localization
L¥ X upon stabilization.
This is joint work with Imma Galvez [3].
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Parallelohedra and the Voronoi
Conjecture

Nikolai P. Dolbilin (Steklov Mathematical Institute of
RAS, Russia), do1bilin@mi.ras.ru

A parallelohedron is a convex polyhedron which tiles the Eu-
clidean space by parallel copies in face-to face way. The con-
cept of parallelohedron was introduced by E. Fedorov, the great
Russian crystallographer. He found all the five combinatorial
types of 3-dimensional parallelohedra which are of great impor-
tance in crystallography. High-dimensional parallelohedra have
many applications in geometry of numbers and some other other
fields of mathematics. In addition, high-dimensional parallelohe-
dra present an extremely interesting class of polyhedra in itself.
An obvious example of a parallelohedron of any dimension is
the parallelepiped. Much more interesting type of a parallelo-
hedron is presented by the permutahedron of any dimension. A
great contribution to the theory of parallelohedra was made by
H. Minkowski, G. Voronoi, B. Delone, A. Alexandrov, O. Zhito-
mirski, B. Venkov, S. Ryshkov, and others.

At the same time, despite the considerable efforts, the cen-
tral problem — a proof of the Voronoi conjecture on the affine
equivalence of an arbitrary parallelohedron to some Voronoi par-
allelohedron — remains unresolved. In the talk we are going to
present an overview of classical results of the theory of paral-
lelohedra as well as some recent results obtained by A. Garber,
A. Magazinov, A. Gavrilyuk, and by the author.

The work was partially supported by the Russian Government under the Mega Project
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The Sokolov system and integrable
Kirchhoff elasticae via discriminantly
separable polynomials and
Buchstaber’s two-valued groups

Viadimir Dragovié (The University of Texas at Dallas,
USA and Mathematical Institute SANU, Serbia),

vladad@Omi.sanu.ac.rs

We use the discriminantly separable polynomials of degree
two in each of three variables to integrate explicitly the Sokolov
case of a rigid body in an ideal fluid and integrable Kirchhoff
elasticae in terms of genus two theta-functions. The integration
procedure is a natural generalization of one used by Kowalevski
in her celebrated 1889 paper. It is based on the characteristic
property of the discriminantly separable polynomials, that the
discriminants of such polynomials are decomposable as products
of polynomials of one variable each. One of the key steps is
a change of variables which is an analogue of the Kowalevski
magic change of variables. Such a change of variables is an in-
stance of the two-valued group structure associated to an elliptic
curve. The two-valued group structures on elliptic curves have
been introduced by V. M. Buchstaber.
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On Gromov’s macroscopic dimension
conjecture

Alexander Dranishnikov (University of Florida, USA),
dranish@ufl.edu

Gromov’s conjecture states that the macroscopic dimension
of the universal covering of an n-manifold with positive scalar
curvature does not exceed n — 2. This conjecture seems out of
reach, since it implies the Gromov—Lawson conjecture which is
known to be a Novikov type conjecture. We prove Gromov’s con-
jecture for manifolds with some conditions on the fundamental
groups. In particular, we prove Gromov’s conjecture for duality
groups that satisfies the coarse Baum—Connes conjecture.
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Characterization of simplicial
complexes with Buchstaber number two

Nikolay Yu. Erokhowvets (Lomonosov Moscow State
University and Demidov Yaroslavl State University, Russia),
erochovetsn@hotmail . com

The Buchstaber invariant is a combinatorial invariant of sim-
ple polytopes and simplicial complexes that comes from toric
topology [1]. With each (n — 1)-dimensional simplicial complex
K on m vertices we can associate a topological space — (m + n)-
dimensional moment-angle complex Zx with a canonical action
of a compact torus 7™ = (S1)™. The topology of Zx and of the
action depends only on the combinatorics of K, which gives a tool
to study the combinatorics of polytopes and simplicial complexes
in terms of the algebraic topology of moment-angle complexes
and vice versa. A Buchstaber invariant s(K) is equal to the
maximal dimension of torus subgroups H C T™, H ~ T* that
act freely on Zx. If K is not a simplex, then 1 < s(K) < m—n.

Problem 1 (Victor M. Buchstaber, 2002) To find an effec-
tive description of s(K) in terms of the combinatorics of K.

We consider the following question: to characterize simplicial
complexes K with s(K) = r fixed.

In the important case when K is the boundary of the polytope
polar to a simple polytope P we have s(P) = 1 if and only if
P = A" or, equivalently, m —n = 1. The case s(P) = 2 is much
more complicated: for any k& > 2 there exists an n-polytope P
with m = n + k facets and s(P) = 2. However any polytope

The work was partially supported by Dmitry Zimin’s «Dynasty» foundation, the
Russian Government project 11.G34.31.0053, the Russian President grants MD-111.2013.1
and NS-4995.2012.1, and the RFBR grants No 11-01-00694-a, 12-01-92104-JF-a, and 13-
01-91151-GFEN-a
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with s(P) = 2 should satisfy one of the following conditions:
either P is a square; or the chromatic number v(P) equals m — 1

3

with m < §(n + 1) + 1; or any two facets of P intersect, and

m<i(n+1)+2

In the case of general simplicial complexes situation is non-
trivial even for r = 1. Let N(K) be the set of all missing faces
of K, i.e. subsets 7 C vert(K) such that 7 ¢ K, but w € K for
any proper subset w C 7. The set N(K) uniquely defines K.

Our main result is the characterization of simplicial complexes
with s(K) =1 and s(K) = 2.

Theorem 1
[. s(K) = 1 iff either IN(K)| = 1; or N(K) = {m, ™},
T1NTe # &; or [N(K)| = 3 and any three missing faces intersect.
1. s(K) = 2 iff there exist either two or three missing facets
with empty intersection and N(K) does not contain any of the
following subsets
]) {7’1,7’2,7’3}.’ Al ﬂTQ =T m’7'3 = 1719 ng = @,’
2) {7'1,7'2,7'3,7'4}.' Za| M (7'2 U7'3 U7'4) = T9 ﬂTg ﬂ7'4 = @,‘
) {1, T, T3, Tu, 5} TINTe = NT5 = TINT3NTy = ToNT3NTH =
TQﬂT4ﬂT5:@,'
AT, 7, T3 T T 6 N =T NTHNT =7 NTNT =
71ﬂ7'4ﬂ7'6:71ﬂ7'5ﬂ76:Tgﬂ73ﬂ76:73ﬂ7'4ﬂ75:®;
5) {7’1,7’2,7’3,7’4,7’5,7'6,7'7}.' 7'1ﬂ7'2ﬂ7'4 = 71ﬁ73ﬂ75 = 7'107'607'7 =
ToMNT3sNTg=ToNT5 T =T33 T4 T =T4 N T5 N Tg = .
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Deformations and Contractions of
Algebraic Structures

Alice Fialowski (Eitvos Lorand University, Hungary),
fialowsk@cs.elte.hu

Deformations of analytic and algebraic objects is an old prob-
lem both in mathematics and physics. In this talk I restrict
myself to the case of Lie algebras - one of the most important
categories in physics.

Classical 1-parameter deformation theory of associative alge-
bras was worked out by Gerstenhaber back in the 60’s, and was
soon applied to Lie algebras by Nijenhuis and Richardson. The
problem with the classical theory is that it is not satisfactory to
describe all nonequivalent deformations of a given object. For
that purpose one has to introduce deformations with a complete
local algebra base. I am going to define the notion a miniversal
deformation, and consider the opposite notion of deformations:
contractions, which are the inverse of the so called jump defor-
mations. As from a miniversal deformation one can determine
all jump deformations, one can say that miniversal deformations
contain all the information about contractions as well. They also
carry other interesting information about the moduli space of the
objects.

[ will demonstrate the notions on some examples, and raise
some open questions.
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Hopft algebras and homotopy invariants

Jelena Grbié (University of Southampton, UK),
j.grbic@soton.ac.uk

This report is based on recent results arising form joint work
with Victor Buchstaber.

For an arbitrary topological space X, the loop space homol-
ogy H.(QXX:;Z) is a Hopf algebra. We introduce a new ho-
motopy invariant of a topological space X taking for its value
the isomorphism class (over the integers) if the Hopf algebra
H,(QXX;Z). Studying different Hopf algebra structures on a
tensor algebra T(V'), we analyse homotopy types of topologi-
cal spaces. In particular, for a given X corresponding invari-
ant is an obstruction to the existence of a homotopy equivalence
Y X ~ ¥2Y for some space Y. In Toric Topology, we apply our
new invariant in characterising the cohomology ring structures
of the moment-angle complexes. We further investigate relations
between this new homotopy invariant and well known classical
invariants and constructions in homotopy theory and algebra.
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Higher order generalized Euler
characteristics and generating series

Sabir M. Gusein-Zade (Lomonosov Moscow State
University, Russia), sabir@mccme.ru

For a complex quasi-projective manifold with a finite group
action, higher order Euler characteristics are generalizations of
the orbifold Euler characteristic introduced by physicists. The
generating series of the higher order Euler characteristics of a
fixed order of the Cartesian products of the manifold with the
wreath product actions on them were computed by H. Tamanoi.
I'll discuss motivic versions of the higher order Euler charac-
teristics with values in the Grothendieck ring of complex quasi-
projective varieties extended by the rational powers of the class of
the affine line and give formulae for the generating series of these
generalized Euler characteristics for the wreath product actions.
The formulae are given in terms of the power structure over the
(extended) Grothendieck ring of complex quasi-projective vari-
eties defined earlier.

The talk is based on joint works with I. Luengo and A. Melle-
Hernandez.

The work was partially supported by the Russian government grant 11.G34.31.0005,
RFBR~13-01-00755 and NSh-4850.2012.1.
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Kokotsakis polyhedra
and elliptic functions

Ivan Izmestiev (Freie Universitit Berlin, Germany),
izmestiev@math.fu-berlin.de

A Kokotsakis polyhedron [1] is a polyhedral surface in R?,
consisting of a quadrilateral and a “belt” of faces surrounding it,
so that all interior vertices have degree 4, see Figure. Generically,
a Kokotsakis polyhedron is rigid, as can be seen by counting
degrees of freedom. Two non-trivial classes of flexible polyhedra
were given in [2|, but a complete classification was missing.

The list of all flexible Kokotsakis polyhedra was produced
in [3]. We describe the main ideas of this work.

Each interior vertex of the polyhedron establishes polynomial
relations between the tangents of adjacent dihedral half-angles:

022z2w2 + 02022 + COQ”LU2 + 2011210 + Cop = O, (1)

where z = tan%, w = tan%, see Figure. Generically, equation

(1) describes an elliptic curve with a parametrization

{z=psnt, w=gsn(t+ty)} or {z=pent, w=qen(t+ty)}

The work was supported by the European Research Council under the Euro-
pean Union’s Seventh Framework Programme (FP7/2007-2013)/ERC Grant agreement
no. 247029-SDModels
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Thus with every interior vertex of the polyhedron an elliptic mod-
ulus k, two amplitudes p and ¢, and a phase shift ¢; is associated.
This leads to a new class of flexible polyhedra: equal moduli,
equal amplitudes at corresponding vertices, and the sum of shifts
equal to a period.

One of the flexible cases described by Sauer and Graf involves
orthodiagonal quadrilaterals, which have the phase shift equal to
a quarter-period. In this case, the moduli are not equal, but
flexibility follows from compatibility of involutions on the corre-
sponding elliptic curves.

In [3|, a diagram of branched covers between configuration
spaces of pieces of a Kokotsakis polyhedron is studied. For ex-
ample, the configuration space of two adjacent vertices is the
fiber product of the configuration spaces of these vertices. Flex-
ibility of a polyhedron means that the diagram is in some sense
overdetermined. This provides a clue to the classification.
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Non-compact symplectic toric
manifolds

Yael Karshon (University of Toronto, Canada),
karshon@math.toronto.edu

I will report on joint work with Eugene Lerman in which we
extend Delzant’s classification of compact symplectic toric mani-
folds to the non-compact case. The quotient of a symplectic toric
manifold by the torus action is a manifold with corners ¢). The
classification is in terms of a “unimodular local embedding” from
() to the dual of the Lie algebra of the torus, plus a degree two
cohomology class on (). One technical issue is in constructing the
smooth structure “upstairs” when () has infinitely many facets.
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Operator pencils on densities

Hovhannes Khudaverdian (University of Manchester,
UK)

Let A be a linear differential operator acting on the space of
densities of a given weight ¢y on a manifold M. One can consider
a lifting of this operator to an operator pencil A; such that any
operator A; acts on densities of weight £. We study liftings which
are equivariant with respect to the group of diffeomorphisms of
M and some of its subgroups. Our analysis is essentially based
on the simple but very important fact that an operator pencil
as above can be identified with a linear differential operator A
acting on the commutative algebra of densities of all weights,
which is endowed with a canonical scalar product.
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Equivariant almost complex quasitoric
structures

Andrey Kustarev (Lomonosov Moscow State University,
Russia), kustarev@gmail . com

We investigate the problem of existence of equivariant al-
most complex structure on a given omnioriented quasitoric man-

ifold [2].

Theorem 1 The canonical stably complex structure described by
Buchstaber, Panov and Ray [1] is equivalent to an almost complex
structure if and only if all signs of fixed points are positive.

We sketch the proof that is itself based on classical obstruction
theory reconsidered in equivariant setting. Moreover, the set
of all equivariant structures up to homotopy is either empty or
infinite and admits affine space structure.
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Homotopy BV algebras in Poisson
geometry

Christopher Braun (City University of London, UK),
Christopher.Braun.1Qcity.ac.uk
Andrey Lazarev (University of Lancaster, UK),
a.lazarev@lancaster.ac.uk

We define and study the degeneration property for BV o al-
gebras and show that it implies that the underlying L., algebras
are homotopy abelian. The proof is based on a generalisation of
the well-known identity A(e®) = €* (A(€) + 5[¢, €]) which holds
in all BV algebras. As an application we show that the higher
Koszul brackets on the cohomology of a manifold supplied with
a generalised Poisson structure all vanish.

The work was partially supported by EPSRC
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Equivariant cobordism of unitary toric
manifolds

Zht Li (Fudan University, China), zlu@fudan.edu.cn

The notion of unitary toric manifolds was introduced by Masuda
in [3]. A wunitary toric manifold of dimension 2n is a smooth
closed manifold with an effective T™-action such that its tan-
gent bundle admits a T"-equivariant stable complex structure.
These geometrical objects are the topological analogues of com-
pact non-singular toric varieties, and constitute a much wider
class than that of quasi-toric manifolds introduced by Davis and
Januszkiewicz in [1]. Also, the nonempty fixed set of a unitary
torus manifold must be isolated since the action is assumed to
be effective. We shall show that

Theorem 1 Let M be a unitary torus manifold. Then M bounds
equivariantly of and only if the equivariant Chern numbers

(Y (3", M) = 0

for all i,j € N, where [M] is the fundamental class of M with
respect to the given orientation.

In addition, we also show that

Theorem 2 Suppose that M*" is a (2n)-dimensional unitary
torus manifold. If M does not bound equivariantly, then the
number of fived points is at least [§] 4 1, where [§] denotes

the minimal integer no less than 5.

The work was partially supported by NSFC (No. 10931005) and RFDP (No.
20100071110001)
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Remark 1 This gives a supporting evidence on Kosniowski con-

jecture, saying that for a unitary S*-manifold M™ with isolated

fixed points, if M does not bound equivariantly then the number

of fized points is greater than f(n), where f(n) is some linear

function. As was noted by Kosniowski in [2], the most likely
n

function is f(n) =4, so the number of fized points of M" is at
least 5] + 1.

Let Upn denote the abelian group formed by equivariant uni-
tary cobordism classes of all 2n-dimensional unitary toric mani-
folds, and 9 (z,)» the abelian group formed by equivariant unori-
ented cobordism classes of all n-dimensional smooth closed man-
ifolds with an effective (Zy)"-action. We shall show that there is
a natural homomorphism @ : 4y — M z,)». In particular, we
show that

Theorem 3 The homomorphism @ : Upn — M 7,0 is onto.
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Periodic and rapid decay rank two
self-adjoint commuting differential
operators

Andrey E. Mironov (Sobolev Institute of Mathematics of
SB RAS and Lomonosov Moscow State University, Russia),
mironov@math.nsc.ru

Self-adjoint commuting ordinary differential operators of rank
two are considered. We find sufficient conditions when an opera-
tor of fourth order commuting with an operator of order 4g + 2
is self-adjoint. An equation on potentials V' (z), W (x) of the self-
adjoint operator Ly = (9% + V(z))* + W (z) and some additional
data is introduced. With the help of this equation operators with
polynomial, periodic and rapid decay coefficients are constructed.
Some problems related to rank two solutions of soliton equations
are discussed.

The work was partially supported by RFBR grant 12-01-33058
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Algebraic models of spaces of sections
of nilpotent fibrations

Aniceto Murillo (Universidad de Mdlaga, Spain),
aniceto@uma.es

[ will describe precise and explicit objects in different alge-
braic categories describing the rational homotopy type of spaces
of sections of nilpotent fibrations. Mapping spaces are particu-
lar examples of this class of spaces. The special computability
character of these algebraic models let us deduce applications in
different settings which will also be presented. This work has
been carried out in collaboration with Urtzi Buijs and part of it
also with Yves Félix.
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Tucker and Fan’s lemma for manifolds

Oleg R. Musin (The University of Texas at Brownsville,
USA, Kharkevich Institute for Information Transmission
Problems of RAS, Russia, and Demidov Yaroslavl State

University, Russia), omusin@mail . ru

A discrete version of the Borsuk—Ulam theorem is known as
Tucker’s lemma:
Let T be an antipodal triangulation of the d-sphere S¢. Let

L:V(T)—{+1,-1,42,—2,...,+d, —d}

be an equivariant labelling, i.e. L(—v) = —L(v)). Then there
exists a “complementary edge” in T', i.e. an edge such that its
two vertices are labelled by opposite numbers.

This lemma was extended by Ky Fan in 1952:

Let T be an antipodal triangulation of S®. Suppose that each
verter v of T is assigned a label L(v) from {£1,£2,...,+n}
in such a way that L(—v) = —L(v). If this labelling does
not have complementary edges, then there are an odd num-
ber of d-simplices of T whose labels are of the form
{ko, —ki, ko, ..., (=1)%%q}, where 1 < kg < k1 < ... < kg < n.
In particular, n > d + 1.

Let M be a closed PL-manifold with a free simplicial involu-
tion T : M — M, ie. T?(x) =z and T(z) # z for all z € M.
For any Zy-manifold (M, T) we say that a map f: M? — R" is
antipodal (or equivariant) if f(7T'(x)) = —f(x).

We say that a closed PL free Zy-manifold (M®, T) is a BUT
(Borsuk-Ulam Type) manifold if for any continuous g : M — R4
there is a point © € M such that g(T'(z)) = g(x). Equivalently,

The work was partially supported by the Russian government project 11.G34.31.0053
and NSF grant DMS - 1101688.
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if a continuous map f : M¢ — R? is antipodal, then the zeros
set Zy := f71(0) is not empty.

In [1], we found several equivalent necessary and sufficient
conditions for manifolds to be BUT. For instance, M is a BUT
manifold if and only if M admits an antipodal continuous trans-
versal to zeros map h : M? — RY with |Z),] = 2 (mod 4).

One of extensions of Tucker and Fan’s lemma for manifolds
is the following:

Theorem 1 Let M? be a closed PL BUT manifold with a free
involution. Let A be any equivariant triangulation of M. Let
L:V(A) — {+1,-1,42,-2,...,4n, —n} be an equivariant la-
belling. Then there is a complementary edge or an odd number of
d-simplices whose labels are of the form {ko,—k1,ka,. .. ,(—1)%,},
where 1 < ky < k1 <...<ks<n.

Now we extend this theorem for the case d > n. We say
that a closed PL-free Zo-manifold (M® T is a BUTy,, if for any
continuous ¢ : M? — R” there is a point z € M such that

9(T(x)) = g(x).
In [1] (in terms of the equivariant cobordism theory) we found
a sufficient condition for (M? T) to be BUT,,.

Theorem 2 Let n < d. Let A be any equivariant triangulation
of a BUT,,, manifold (M, T). Let

L:V(A)—{+1,-1,42,-2,...,4n,—n}

be any equivariant labelling of A. Then there exists a comple-
mentary edge in A\,
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A refined Riemann’s singularity
theorem for sigma function

Atsushi Nakayashiki (Tsuda College, Japan),

atsushi@tsuda.ac. jp

We study sigma functions with arbitrary characteristics of a
compact Riemann surface from the view point of the tau and
Schur functions.

Let X be a compact Riemann surface of genus g > 1, py
a point of X, w; < --- < w, the gap sequence at p, {a, 5}
a canonical homology basis, A the Riemann divisor, L = ¢ +
o+ qy—1 — (9 — 1)pso a flat line bundle of degree 0 and 0
by < --- < b, the gap sequence of H(X, L(*ps)) and m
BmHX, Oy + -+ 4y1))

We study properties of the Schur function s)(¢) associated
with the partition

A= (bg,....b1) — (g —1,...,1,0).
We show the followings.

I IA

(i) sa(t) is a polynomial of t,,,...,tw,.
(ii) For any partition p such that A < u, any integer n < m and
any set {i1, ..., i, } of cardinality n with i, € {wy},

Oy -+ 03,5,(0) = 0,

where 0; = 0/0t;.

(iii) There exists an explicitly constructed sequence a; > --- > a,
with a; € {w;} such that 0, - - - 0,,,5,(0) = £1.

By making use of the properties of the tau function of the
KP-hierarchy we can deduce, from the above properties of Schur

The work was partially supported by Grant-in-Aid for Scientific Research (C)
23540245 from Japan Society for the Promotion of Science.

59



functions, the following results for sigma functions of X. Let
g—1
i=1

()" The first term of the expansion of the sigma function with
the characteristics e is sx(u), U = (U, .., U, )-
(ii)” For any n < m derivatives of o(u) of degree n at e all vanish.
(i)’ Duy, - - Ou,
(iii).

The properties (ii)” and (iii)” imply the Riemann’s vanishing
theorem for the theta function. In particular (iii)” gives not only

the existence of the non-vanishing derivative of degree m but also
gives it explicitly.

o(e) = £1, where ay,,,a,, are the same as in

60



Geometric differential equations
on the universal spaces of Jacobians
of elliptic and hyperelliptic curves

Elena Yu. Netay (Steklov Institute of Mathematics of RAS,

Russia), bunkova@nmi .ras.ru

In [1] a method of construction of the Gauss-Manin connec-
tion on the universal spaces of Jacobians of (n,s)-curves based
on the theory of sigma-functions of such curves is given. The
problem of constructing a metric G = (g; ;) in the space of pa-
rameters that agrees with the Gauss-Manin connection on the
universal bundle of Jacobians naturally arises. In the talk we
give the solition of this problem in the case of curves of genus 1
and 2. We derive and study the differential equations defining
this metric. A description of solutions of the differential equa-
tions obtained will be given.

The genus one case will result in the equation

8(z — 1)22f" +42(92 — 4) f" + (26z — %6) ff+f=0. (1)

The solution of this equation is the coefficient g; » of the metric
(G in coordinates related to vector fields on the basis tangent to
the discriminant of the elliptic curve

y* = 41° — gox — g3.

The general solution of equation (1) is described in terms of
generalized hypergeometric series 3Fy(a, a, a; b, ¢; z) for constant
a,b,c.

The work was partially supported by RFBR grants 12-01-33058, 11-01-00197-a and
RF Government grant 2010-220-01-077, ag. 11.G34.31.0005.
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Another choice of coordinates gives on g9 = f(2) the equa-
tion
9gsf" = 3g5f" + 3gsgof' + (995 — 93)f =0, (2)

where g» = ga(2) = 3p(2+¢0; 0, ¢3), g3 = g3(2) = %@/(Z+Co; 0, c3),
and ¢y, c3 are constant.

Using the methods described in [2], we will show how in the
frame of our consideration of the heat equation the Chazy-3 equa-
tion arises from vector fields tangent to the discriminant of the
elliptic curve.

In the case of genus 2 for the operator [y =

8
5

which is tangent to the discriminant of the curve

12 4
6)\68)\4 + (8)\8 — 3)31) a/\ﬁ + (10)\10 - )\4)\6> a/\8 - 5)\4>‘8a)\107

y2 = 1’5 + )\4&73 + )\65132 + )\833 + )\10,

we obtain a system of equations on the matrix G that is analogous
to equation (2). This system is linear with coefficiens polynomial
in Ay and Ag, moreover, A4 is defined as a solution of equation

5" 4 248 f " 4+ 208(f)? + 5762 =0

and g = =\] + A%
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Non-symplectic smooth group actions
on symplectic manifolds

Krzysztof Pawatowski (Adam Mickiewicz University,
Poland), kpa@amu.edu.pl

We construct smooth actions of any compact Lie group G on
symplectic manifolds, including complex projective spaces, such
that the actions are not symplectic with respect to any possible
symplectic structure on the manifolds in question. Such examples
were obtained for the first time in [1] in the case where G = S,
and then in |2] for any compact Lie group G.

More precisely, we proof the following two theorems.

Theorem 1 Let G = S'. Then there exists a smooth action of
G on a product S? x - -- x S? of the 2-sphere S? = CP! such that
the action is not symplectic with respect to any possible symplectic
structure on S% x -+ x S2.

Theorem 2 Let G be a compact Lie group. Then there exists a
smooth action of G on a complex projective space CP" such that
the action is not symplectic with respect to any possible symplectic
structure on CP"™.
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Toric geometry of the action of
maximal compact torus on complex
(Grassmannians

Svjetlana Terzié (University of Montenegro, Montenegrin
Academy of Sciences and Arts, Montenegro), sterzic@ac.me

It is very known and classical problem to describe the topological
structure of the orbit space of the Grassmannian G, by the
canonical action of compact torus T". We consider this problem
and approach it from the point of view of toric geometry and
toric topology (see [1]) using techniques based on the notion of
moment map. Since G,; = CP"! is a toric manifold whose
topological structure is known and easy to describe, we assume
that k& > 2.

In the first part of the talk we present methods and results of
algebraic geometry we use. More closely, the action of a compact
torus 1™ on Gy, extends to the action of an algebraic torus
(C*)™ for which the closures of the orbits are toric varieties. This
algebraic torus action is also known to produce the equivariant
partition of the Grassmann manifolds into the strata. On the
other hand there is the moment map (see [2]) p : G — P71 C
R"~! where P"! is a convex polytope which is the image of
the so-called main stratum. The image of the closure of any
algebraic torus orbit, as well as of the stratum which contains it,
is a polytope contained in P"~!, but this polytope in general does
not have to be a face of P"~!. The combinatorics of the polytope
P" 1 does not determine the lattice of the strata on G asitisin
the case of toric manifolds, and therefore we distinguish the class
of admissible polytopes in P"~! which are in the image of the
moment map. The moment map is equivariant under the action
of compact torus giving the homeomorphism between T"-orbit
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spaces of the closures of algebraic torus orbits and admissible
polytopes from P"~!.

In the second part of the talk we demonstrate the application
of these methods in case of the orbit space for the first non-
trivial case (n,k) = (4,2) and show that it leads to important
and surprising results. More precisely, we prove that Gyo/T 4
is homeomorphic to the CP! - family of octahedra P? glued to
each other along the whole boundary and that this gluing produce
the cell decomposition of the topological manifold S°. From the
general results of algebraic topology it is known that any manifold
homeomorphic to sphere S° has unique smooth structure. But,
the canonical projection from Gyy to this sphere S is not a
smooth map. In that context our approach together with the
known results on local structure of the orbit space for compact
group actions, enables us to explicitly describe the differentiable
structure of G4,2/T4 coming from the smooth structure of Gy ».

The talk is based on the joint work with Victor M. Buch-
staber.
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Quotients of affine spherical varieties
by unipotent subgroups

Dmitry A. Timashev (Lomonosov Moscow State
University, Russia), timashev@mccme . ru

A stratification of a topological space or an algebraic vari-
ety X is in general a decomposition of X into a (locally) finite
disjoint union of locally closed subsets which have a simple struc-
ture. Stratifications are of great use in algebraic topology and
geometry. If a connected solvable complex algebraic group B
acts on a complex algebraic variety X with finitely many orbits,
then the orbital decomposition provides a nice stratification of
X with strata isomorphic to products of several copies of C and
C\ {0}. Homological and intersection-theoretic properties of X
are quite nice in this case.

Usually the finiteness property is not easy to check, but cer-
tain assumptions guarantee it. Namely suppose that X is a
spherical variety, i.e., a connected reductive algebraic group G
acts on X in such a way that a Borel subgroup B C G has a
dense open orbit in X. A theorem of Brion and Vinberg says
that B acts on X with finitely many orbits.

We are interested in pushing down the finiteness property to
quotient varieties. Let X be an affine algebraic variety acted on
by an algebraic group H. If the algebra of invariant polynomials
C[X]# is finitely generated, then one may consider its spectrum
X/JH = Spec C[X]#, called the categorical quotient of X by H.
Morally, the categorical quotient should be thought of as the
space of orbits for the action, but in practice, the situation is more
delicate. In particular, the natural quotient map 7 : X — X/ H
is not always surjective.

The work was partially supported by the SFB 701 Project B1 “Diophantine inequal-
ities, spectral structures, and linear algebraic groups” at the University of Bielefeld and
by the RFBR grant 12-01-00704.
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Now suppose that X is an affine spherical G-variety and H C
B is a normal unipotent subgroup. Then X/ H is well defined
and B/H acts on X/ H in a natural way. It is natural to ask
whether this action has finitely many orbits, as B had on X.
This question was raised recently by Panyushev. He conjectured
that the answer is affirmative for H = [U, U], the commutator
of the maximal unipotent subgroup U C B. We disprove this
conjecture. Our first main result is:

Theorem 1 For a fized reductive group G, the categorical quo-
tient X J[U, U] of any affine spherical G-variety X has finitely
many B/|U, Ul-orbits if and only if all simple factors of G are
of types A1, By, Ga.

Since Theorem 1 is somewhat disappointing, because we
would like to have an affirmative answer to Panyushev’s ques-
tion, it is natural to ask whether it can be obtained under
some restrictions on X. The restrictions which we impose are
of representation-theoretic nature. Recall from the representa-
tion theory of reductive groups that the irreducible representa-
tions of G are parameterized by their highest weights, which are
the dominant weights of the root data of G. For any dominant
weight A, we consider the subdiagram of the Dynkin diagram
of G whose nodes correspond to the fundamental weights occur-
ring in the decomposition of A with positive coefficients, and call
it the support of A.

Theorem 2 Suppose that the supports of all highest weights of
the irreducible G-modules occurring in C|X] do not contain subdi-
agrams of type Ay. Then B/|U, U] acts on X JJ|U, U] with finitely

many orbits.

This theorem can be extended to quotients by intermedi-
ate subgroups U O H D [U,U]. It applies, for instance, to
X = GlLo,(C)/Spy,(C), the moduli space of symplectic struc-
tures on C?".
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Brunnian and Conen braids and
homotopy groups of spheres

Viadimir V. Vershinin (Université Montpellier 2, France
and Sobolev Institute of Mathematics of SB RAS, Russia),

vershini@math.univ-montp2.fr

Let M be a connected surface, possibly with boundary, and
let B,(M) denote the n-strand braid group on a surface M. A
Brunnian braid means a braid that becomes trivial after remov-
ing any one of its strands. Let Brun, (M) denote the set of the
n-strand Brunnian braids. Then Brun,(M) forms a subgroup
of B,(M). Let A;; for 1 < i < j < n be the set of stan-
dard generators of the pure braid group of the disc. We define
A; j[M] = f.(A;;) where f is an inclusion f: D? < M of a disc
into the surface M. Let ((A;;[M]))" be the normal closure of
A, j[M] in P,(M), the pure braid group of the surface M.

Given a group G, and a set of normal subgroups Hy, ..., H,,
(n > 2), the symmetric commutator product of these subgroups
is defined as

[Hb s 7Hn]5 = H [[Ha(l)a HO‘(?)]? R HJ(TL)]?

oEX

where Y, is the symmetric group of degree n.

Theorem 1 Forn > 2 let
Bo(M) = [{(Ara[M]), (A M., (A1 a[ M)
1. If M # 8% or RP?, then Brun,(M) = R,(M).
2. If M = S? and n > 5, then there is a short exact sequence

R,(5%) < Brun, (S?) — m,_1(S%).
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3. If M = RP? and n > 4 then there is a short exact sequence
R,(RP?) — Brun,(RP?) — m,_1(S5%).

Let « € B,_1(M) be an arbitrary braid. We are looking for a
solution of the following system of equations

dy(B) = o,

dn(@) = @,
where the operations d;: B,(M) — B,_1(M) are obtained by
forgetting the ¢-th strand, 1 < < n.

Theorem 2 Let M be any connected 2-manifold such that M #
S% or RP? and let « € B,_1(M). Then the equation (1) for
n-strand braids B has a solution if and only if o satisfies the
condition that

leé = ...= dn_la.

Define a set

HP(M) ={B € B,(M) | dif =do8 =+ =d,5}.

Namely $2 (M) consists of n-strand pure braids such that it stays
the same braid after removing any one of its strands, we call this
Cohen braids. We also study generating sets for Cohen braids.

The talk is based on the joint works with V. G. Bardakov,
R. Mikhailov and Jie Wu, in particular, [1].
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On hyperbolic 3-manifolds with
geodesic boundary

Andreir Vesnin (Sobolev Institute of Mathematics of SB
RAS, Russia), vesnin@math.nsc.ru

The investigation of hyperbolic 3-manifolds with geodesic
boundary was started in Thurston’s Lecture notes on geometry
and topology of 3-manifolds. The computer-based tabulation of
them was done by Frigerio, Martelli, and Petronio in [1]. An infi-
nite family was constructed by Paoluzzi and Zimmermann in [2].
The boundary surfaces of manifolds from [2| are knotted similar
to Suzuki’s spatial 6,-graphs.

We will discuss two most useful invariants of hyperbolic 3-ma-
nifolds — volume and complexity. In the case of closed hyperbolic
3-manifolds volume formulas admit to get linear estimations of
complexity [3].

In the present talk we discuss these invariants for Paoluzzi—
Zimmermann manifolds and their generalizations. We obtain vo-
lume formulas and complexity for two infinite families of hyper-
bolic 3-manifolds with geodesic boundary [4].
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Algebra of Densities

Theodore Th. Voronov (University of Manchester, UK),
theodore.voronov@manchester.ac.uk

The talk is devoted to natural differential-geometric construc-
tions on the algebra of densities, which is a commutative algebra
canonically associated with a given manifold or supermanifold.

A density of weight A is a geometric object which in local
coordinates has the form f(x)|Dx|}. Here X is an arbitrary real
number. It is clear that densities can be multiplied so that their
weights are added. The resulting commutative algebra of densi-
ties §(M), graded by real numbers, possesses a natural invariant
scalar product. This algebra is of course a subalgebra of the al-
gebra of functions on a manifold M, the total space of the frame
bundle for the bundle of volume forms on a manifold M. (The

manifold M is sometimes referred to as the “ Thomas bundle” of
M.) The existence of the scalar product on the algebra §(M)
leads to important geometric consequences. Namely, for the Lie
algebra of vector fields on M —or the derivations of F(M)—there
arises a canonical divergence operator and for the correspond-
ing algebra of multivector fields, a canonical odd Laplacian (a
Batalin-Vilkovisky type operator). From there we can extract
classification theorems. For weight A # 1, the divergence-free
derivations of §(M) are in a one-to-one correspondence with the
vector densities of weight A on M. A similar statement holds
for multivector fields on M and multivector densities on M. In
particular, the commutator of vector fields on M and the canon-
ical Schouten bracket naturally extend to brackets of vector or
multivector densities, respectively. One application of that is
the possibility of lifting an even Poisson structure on M to the
algebra of densities F(M).

These constructions for the algebra of densities have a simi-
larity with the Nijenhuis theorem on derivations of the algebra
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of forms and the construction of the Nijenhuis bracket. We can
see it as two particular instances of “second-order geometry”, i.e.,
geometry arising from iteration of natural first-order construc-
tions for a manifold M (such as taking T'M or T* M, for exam-
ple). (The idea of second-order geometry has been stressed by
K. C. H. Mackenzie.)

(The talk is based on results due to the speaker and H.M.Khu-
daverdian, and a recent result of our joint student A. Biggs.)
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Combinatorial group theory and the
homotopy groups of finite complexes

Roman Mikhatlov (Steklov Mathematical Institute of RAS,
Russia), romanvm@ni . ras.ru
Jie Wu (National University of Singapore, Republic of
Singapore), matwuj@nus.edu.sg

For n > k > 3, we construct a finitely generated group
with explicit generators and relations obtained from braid groups,
whose center is exactly m,(S¥). Our methods can be extended
for obtaining combinatorial descriptions of homotopy groups of
finite complexes. As an example, we also give a combinatorial
description of the homotopy groups of Moore spaces.
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Flat polyhedral complexes

Rade T. Zivaljevié (Mathematical Institute SANU, Serbia),

rade@Omi.sanu.ac.rs

A flat polyhedral complex E arises if several copies of a con-
vex polyhedron (convex body) B are glued together along some
of their common faces (closed convex subsets of their bound-
aries). By construction there is a ‘folding map’ p : E — B which
resembles the moment map from toric geometry. Examples of
flat polyhedral complexes include ‘small covers’ and other locally
standard Zs-toric manifolds, but the idea can be also traced back
(at least) to A. D. Alexandrov’s ‘flattened convex surfaces’.

A class of flat polyhedral complexes, modelled on a product
of two (or more) simplices B = AP x A? was used in [2] for
a proof of a multidimensional generalization of Alon’s ‘splitting
necklace theorem’ [1].

We show how flat polyhedral complexes and their relatives
can be used as ‘configuration spaces’, leading to new ‘fair divi-
sion theorems’, the simplest example being a ‘polyhedral curtain
division for two players (Theorem 1).

Definition 1 Let A = conv{ag,ai,...,aq} C RY be a non-
degenerate stmplex with the barycenter at the origin. For each
pair 0 = (F1, Fy) of complementary faces of A there is a join
decomposition A = Fy x Fy. Assuming that both Iy and Fy are
non-empty let S§ 2 = O(Fy) x O(Fy) C 9(A) be an associated
(d — 2)-dimensional, polyhedral sphere. A polyhedral hypersur-
face H C RY is called a A-curtain if for some 6 = (Fy, Fy) and
r € R?

H =2+ Cp =1+ cone(S; 2). (1)
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Theorem 1 Suppose that A C R? is a simplex with the barycen-
ter at the origin. Let pq, fo, ..., g be a collection of continu-
ous mass distributions (measures) on R?. Then there exists a
A-curtain H = H, gy which divides the space R? into two ‘half-
spaces” H™ and H™ such that for each j € {1,...,d},

pi(H') = pi(H™).

Figure 1: A fragment of a A-curtain in R?.
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Posters

Stanley—Reisner rings of spherical
nerve-complexes

Anton Ayzenberg (Lomonosov Moscow State University,
Russia), ayzenbergaGgmail . com

There exists a construction which associates a simplicial com-
plex Kp to each convex polytope P. For a simple polytope P
the complex K p coincides with the boundary 0P* of a polar dual
polytope. In this case Kp is a simplicial sphere and its Stanley—
Reisner ring k[Kp| is Cohen—Macaulay. The global problem is
to describe the properties of a simplicial complex Kp and its
Stanley—Reisner ring for general convex polytope P. We develop
a simple method to find the depth of k[ K| for any simplicial com-
plex K. This method implies an equality depthk[Kp| = dim P
for each convex polytope P.
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Homogeneous extensions of the first
order ODE’s

Valerii Dryuma (Institute of Mathematics and Computer
Science of the ASM, Moldova), valdryum@gmail . com

Properties of the first order differential equations

r_ by + by + boy () + by 2% + bro wy () + bog y (x)
g+ a1z + as y () + agy 22+ a2y () + az y ()’

(1)

which are equivalent to the systems of the first order equations

Yy

g =47 (t) (b,) + bz + boy + by z” + bozy + bzzyg) ;

T =4Z(t) (ag 4+ a;x + apy + a;2° + apry + aggy'?) , o (2)

where Z(t)-is arbitrary and z = x(t),y = y(t) are considered.
After introducing of the projective coordinates X (t) = x(t)Z(t),
Y (t) = y(t)Z(t) the system (2) can be presented in form of ho-
mogeneous system of equations

X=4ayZ*+(4asY+(Ba;—by) X) Z+4as Y
+(3a10—2bs) XY +(2a;;—byy) X* = P(X,Y, Z),
Y =4by Z2+(4b; X+(3by—a;))Y) Z+4 by X4
+(3bp—2a1) XY +(2bs—a)Y?=Q(X,Y, 2),
7 =—(bs+a;) Z?—(2bss+as) Y Z—
—(2a;,+ b)) XZ =R(X,Y, Z) (3)

with the condition on the right parts dxP + dyQ@ + 0zR = 0.
As it was shown in [1| properties of the system (2) depend on
solutions of the nonlinear partial differential equation

P(X,Y,Z2)Zx +Q(X,Y,2)Zy — R(X,Y,Z) =0. (4)

The work was partially supported by the grant 12.839.08.05F from SCSTD of ASM
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Theorem 1 Solutions of the equation (4) are expressed through
the solutions of algebraic the first order ODE

((ase t® 4 ag + ast) A(t) + bog t* +ths + by) A (t)" +

+ ((—2 99 t—ag) A (t)2—|—((&12—2 bgg) t—b2—|—a1) A (t)) A(t)+

+ (bj—Fb]g t) A (t) +
+ass A (t)3—|—(—a12-|—b22) A (t)2+(a11 — b]g) A (t)—Fb]] =0 (5)

with respect to the function A(t). With a help of solutions A(t)
parametric presentation of the function Z(X,Y') is constructed.

In general case the algebraic curves H(A, A,t)=0 which cor-
respond to the equation (4) are elliptic curves at every value of
variable t. They have genus g = 1 and all their properties depend
on the values of the coeflicients a;, a;; and b;, b;; of the equation
(1). So to the cubic ODE’s corresponding algebraic curve in gen-
eral has genus g = 3. Consideration of homogeneous extensions
of 3D-polynomial systems like the Lorenz and the Rossler sys-
tems of equations also is possible. Their studying on the method
of the Kowalevskaya exponents is founded .

References

[1] V. Dryuma, On the theory of the first order systems of dif-
ferential equations, International Conference on Differential

FEquations and Dynamical Systems, Suzdal, July’ 2-7 Ab-
stracts: (2010), 205-206.

2] V. Dryuma, On geometry of the Rossler system of equations,
arXiv:0807.1063 v1|nlin.SI) 7Jul, (2008),1-9.

79



Mixed Hodge structures on
complements of coordinate complex
subspace arrangements

Yury V. Eliyashev (Siberian Federal University, Russia),
eliyashev@Omail.ru

Let I be an arbitrary simplicial complex on the set [n| =
{1,...,n}. Define a coordinate planes arrangement

Zx = | J L,

oK

where o = {i1,...,i,} C [n] is a subset in [n] such that o does
not define a simplex in K and

Ly,={2€C":2,=---=2, =0}

Any arrangement of complex coordinate subspaces in C" can be
defined in this way.

In [1] V.M. Buchstaber and T.E. Panov computed cohomol-
ogy of C"\ Zx in terms of cohomology of cocell complex of
moment-angle complex Zx. Also they introduced a bigrading on
cohomology of C" \ Zx. This bigrading was obtained originally
from the combinatorial and topological ideas.

Our main result is a computation of the mixed Hodge struc-
ture on H*(C" \ Zx), we prove that the mixed Hodge structure
on H*(C"\ Z) is described completely in terms of the bigrading
that was mentioned above.
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Subword complexes and 2-truncations

M:zikhail Gorsky (Steklov Mathematical Institute of RAS,
Russia and Université Paris Diderot, France),
mike.gorsky@Ogmail.com

Subword complexes were introduced in [4] in the context of
matrix Schubert varieties. They reflect interesting combinatorial
properties of Coxeter groups. A subword complex A(Q,7) is
associated with a pair (Q, 7), where Q is a word in the alphabet
of simple reflections and 7 is an element of a Coxeter group W.
The simplices in A(Q, 7) correspond to the subwords in Q whose
complements contain reduced expressions of 7.

Theorem 1 Assume that words Qq and Q- are related by a braid
move. Then, under certain conditions, A(Q,, w) can be obtained
from A(Qq, ™) by a composition of edge subdivisions and inverse
edge subdivisions.

Theorem 1 holds for all braid moves in the simply-laced case.
In terms of simple polytopes, an edge subdivision is dual to a
truncation of a face of codimension 2, or simply a 2—truncation.

Corollary 1 If A(Qq,m) and A(Qy, 7) are dual to simple poly-

topes Py and Ps, then there is a polytope P which can be obtained
from each of Py, Py by a sequence of 2—truncations.

We have a simple explicit description of these sequences of
subdivisions and truncations. We apply Corollary 1 to complexes
of the form A(cw,; w,), where ¢ and w, are reduced expressions
of a Coxeter element and of the longest element w,, respectively.

Theorem 2 Any complex of the form A(cw,;w,) is polar dual
to a 2—truncated cube.

The work was supported by DIM RDM-IAF of the Région Ile-de-France
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2—truncated cubes form an important class of flag simple
polytopes containing such families as flag nestohedra and graph-
cubeahedra. Its various properties are discussed in [1].

Generalized associahedra are central objects in cluster com-
binatorics. They are defined for any finite Coxeter group. They
are dual to complexes A(cw,;w,), for certain choice of the ex-
pressions ¢, w,, .

Corollary 2 For any Coxeter group W, the generalized associa-
hedron of type W is a 2—truncated cube.

Partial cases of Corollary 2 were proved in [2| and [5]. The
talk is based on the preprint [3| and on some work in progress.
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The equivariant cohomology rings of
(n — k, k) Springer varieties

Tatsuya Horiguchi (Osaka City University, Japan),
d13saR0z06Q@ex .media.osaka-cu.ac. jp

Given a nilpotent operator N: C* — C", the Springer vari-
ety Sy is defined to be the following subvariety of a flag variety

Flags(C"):
Sy ={V,s € Flags(C") | NV; CV; for all 1 <i <n},

where V, = (V) : 0 C Vi C WV, C --- C Vg CV, =
C" such that dimc V; = 7. When N is a nilpotent matrix in a
Jordan canonical form with weakly decreasing sizes (A1,...,A;)
of Jordan blocks, Sy is called the (A, ..., ;) Springer variety.
[t admits an S'-action induced from the natural 7"™-action on
Flags(C"), where the S'-subgroup of T" is given by

{(¢",g"",...,9) | g €C, |g| =1}.

Our concern is an explicit description of the S'-equivariant co-
homology ring of Sy.

Theorem 1 Let Sy be the (n — k, k) Springer variety with 0 <
k <n/2. Suppose that the projection map Hin(Flags(C"); C) —
H?% (Sn; C) induced from the inclusions of groups St — T and
spaces Sy — Flags(C") is surjective. Then

H%(Sn; C) = Clmy, .. s t] /1,

The author is partially supported by the JSPS bilateral program between Japan and
Russia “Topology and geometry of torus actions and combinatorics of orbit quotients”.
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where Hg,(pt; C) = Clt| and I is an ideal of the polynomial ring
Clm, ..., Ta, t] generated by the following three types of elements:

Z 7, —n(n+ 1)t/2,

1<i<n

(i + T —(n+Ek+1=0t)(n -7 —t) (1 <i<n),

H <Tij - (nJrj_ij)t) (1<iy <+ <igrr < n),
1<j<k+1

where 1,41 = 0.

The assumption in the theorem above is known to be satisfied
when k£ = 1,2 (|1]) but unknown for other values of k. A main
tool to prove the theorem is the following commutative diagram:

H%.(Flags(C");C) — Hi.(Flags(C")T";C) = @ Clty, ..., t,]

weE S,
H:(Sy;C) —— H3(Sy:C) = @ Clf]
weS;f,l

where all the maps are induced by inclusion maps. Here, the
horizontal maps are injective since odd degree cohomology groups
of Flags(C") and Sy vanish, and the right vertical map can be
described explicitly, so one can find the image of the bottom
horizontal map if the left vertical map is surjective.

This is a joint work with Yukiko Fukukawa.

References

|1] B. Dewitt and M. Harada, Poset pinball, highest forms, and
(n — 2,2) Springer varieties, arXiv:1012.5265v2.

84



Combinatorial commutative algebra of
some moment-angle manifolds and their
topological types

Ivan Yu. Limonchenko (Lomonosov Moscow State
University, Russia), iylim@mail .ru

A moment-angle manifold Zp corresponding to a simple poly-
tope P is one of the main objects of study in Toric Topology |2].
The topology of Zp and the combinatorial structure of the poly-
tope P are closely connected with each other by means of com-
mutative algebra of the face ring k[ Kp|.

A generalized truncation polytope is a k-vertex cut of a product
of two simplices P = vck(Anl x A") for ny > ng > 0,k > 0,
which becomes a truncation polytope if no = 0,1. From [3]| we
know that the corresponding moment-angle manifold is a con-
nected sum of sphere products, as it is for a truncation polytope,
but if we consider a vertex cut of a product of more than two
simplices it may not be the case.

Following the ideas of [4],[1] and |5] the author obtained two main
results stated as Theorem 1 and Theorem 2 below.

Theorem 1 For a generalized truncation polytope P with ny >
ny > 1,k > 0 the complexr Kp = OP* is minimally non-Golod.

Theorem 2 For a generalized truncation polytope P with ny >
no > 1,k > 0 the bigraded Betti numbers of Zp are given by the
following formulae.

If ny = ny = n, we have:

—1,2(i+n) .
g (P)_2<Z,_1).

The work was partially supported by the Russian Foundation for Basic Research,
grants 11-01-00694 and 12-01-92104
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If ny > no, we have:

gi2itm)(py — gi2li+n)(py _ (Z f 1>'
R (s )
The other bigraded Betti numbers are zero, except for
BYO(p) = p=tm=d:2m(py = 1,

where m 1s the number of facets of P and d is its dimension.
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Factorization of Darboux
transformations of arbitrary order for
two-dimensional Schrodinger operator

Ekaterina Shemyakova (State University of New York at
New Paltz, USA), shemyakova.katya@gmail.com

Nowadays the theory of exactly solvable one-dimensional and
two-dimensional Schrédinger operators is inseparable from the
theory of one- and two-dimensional integrable non-linear systems
and the theory of Darboux-Bécklund transformations (the soliton
theory) |3, 4].

Here we prove (see a preliminary version at arxiv.org/abs/
1304.7063) that a Darboux transformation of arbitrary order d
for two-dimensional Schrédinger operator can be factored into
Darboux transformations of order 1. By this, we close the prob-
lem on the structure of Darboux transformations for two-dimen-
sional Schrodinger operators, which has been open for nearly 100
years.

Even for the special case of Darboux transformations of order
2 this problem is hard. For this case we have found earlier a
(rather beautiful) proof [6] based on the invariantization (we used
regularized moving frames due to Olver and Pohjanpelto).

The analogous statement for one-dimensional Schrodinger
operator was proved in four steps (Shabat, Veselov |7, 5] and
Bagrov, Samsonov |1, 2|). In this case the factorization is not
unique, and different factorizations imply discrete symmetries
related to the Yang-Baxter maps (Adler and Veselov).

The proof of the present result is based on some algebraic con-
structions which we use as a tool only. However, they probably
have a more general meaning if reformulated in terms of abstract
algebra.
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The main result of the present paper implies that a Darboux
transformation of arbitrary form and of arbitrary order d is in-
vertible only in the case where it is a Laplace chain.
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On the product in negative Tate
cohomology for compact Lie groups

Haggati Tene (University of Haifa, Israel),
tene@math.haifa.ac.1il

Classifying spaces of groups are objects of great importance in
topology, geometry and algebra. Their homology and cohomol-
ogy were studied for a long time, since they capture information
about principal bundles and fibre bundles.

In this poster I will introduce a new product in the homology
of classifying spaces of compact Lie groups. The grading of this
product is given by:

Hy(BG,Z) @ H(BG,Z) = Hyyi1dim(c)+1(BG, Z)
where dim(G) is the dimension of the group G.

The construction is geometric and quite simple. For finite
groups this product coincides with the cup product in negative
Tate cohomology.

In the poster I will give some results regarding the product
for connected groups, indicating the vanishing of this product for

many groups, but not all. A part of the poster is a joint work
with S. Kaji [3].
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On cohomological index of free
(G-spaces

Alexey Volovikov (Moscow State Technical University of
Radio Engineering, Electronics and Automation, Russia),
a_volov@list.ru

We will consider properties of cohomological index defined
on a category of free G-spaces, where GG is a finite group. For
cyclic groups cohomological index was introduced by Yang and
Bourgin via Smith sequences. For general groups it was con-
structed by Albert Schwarz (homological genus) and Conner &
Floyd (cohomological co-index). Conner— Floyd’s index indpX
of a free G-space X is defined for any commutative ring with
unit L. It can be shown that Schwarz’s homological genus equals
indzX + 1, and that indp X satisfies all usual properties of Yang’s
homological index (defined for G = Z,) including the following
property:

If f: X — Y is an equivariant map of free G-spaces and
indp X = indpY = n, then 0 # f*: H"(Y; L) - H"(X; L).

In particular f is not homotopic to a constant map.

As a corollary we obtain:

1) Cohomological index is stable, i.e. ind, X * G = indp X + 1,
where the join X % G of X and G is considered with diagonal
action of G.

2) If f: X — X is an equivariant selfmap then
0+# f*: H"(X;L) — H"(X; L), where n = ind X. In particular,
f is not homotopic to a constant map.

Second assertion has an overlap with a result of Gottlieb who
showed that under some conditions Lefschetz number of f is di-
visible by the order of G' and hence f is not homotopic to zero.

The work was partially supported by Russian Foundation for Basic Research grant
11-01-00822 and the Russian government project 11.G34.31.0053.
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We'll also consider other properties of index and applications
to the space of circumscribed cubes around compact body in
Euclidean space.
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